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Abstract

A sum divisor cordial labeling of a graph G with vertex set V(G) is a bijection
f from V(G) to {1,2,...,|V(G)|} such that an edge uv is assigned the label 1 if
f(u) + f(v) is even and 0 otherwise, then the number of edges labeled with 0 and
the number of edges labeled with 1 differ by at most 1. A graph that admits a
sum divisor cordial labeling is called a sum divisor cordial graph. In this work, we
establish that the complete bipartite graph K, ,,, the splitting graph S'(K,, 5), the
bi-usual fan graph B(F!,), and the fan graph F,, , all admit sum divisor cordial
labelings for every natural number m and n.
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1 Introduction and Preliminaries

The concept of sum divisor cordial labeling was introduced by Lourdusamy and Patrick [7],
where they initiated the study of sum divisor cordial labelings of various graphs, including
graph operations. Subsequently, several researchers extended this study to other families
of graphs; for further details, the reader may consult [1, 3, 4, 5, 10, 11]. In addition,
Gallian [6] provides a dynamic survey of graph labeling, which also summarizes previous
results on sum divisor cordial labeling.

In the present work, we build upon certain results from [2, 7, 8], which established that
the double fan F;,,, the star K ,, the graphs K, and Ky +mK, as well as the splitting
graph of the star S’(K ), are all sum divisor cordial graphs. We extend these results to
the complete bipartite graph K, ,, its splitting graph S’(K,, ), the fan graph F,, ,, and
additionally study the bi-usual fan graph B(F},). For each of these graphs, we construct
explicit sum divisor cordial labelings covering all natural numbers m and n.

We begin by recalling the definitions and notation used throughout this work, including
those pertaining to the graphs under consideration. Throughout the paper, all graphs are

assumed to be finite, simple, nontrivial, and connected. For a graph G with vertex set
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V(G) and edge set E(G), we write |V (G)| and |E(G)| for the numbers of vertices and
edges of GG, respectively.
Throughout this paper, the symbol N denotes the set of natural numbers.

Definition 1.1 ([2]). Let f : V(G) — {1,2,...,|V(G)|} be a bijection and let uv € E(G).
Consider the induced function f*: E(G) — {0,1} defined by

F(uw) = 1, if f(u)+ f(v) is even,
= 0, otherwise.

The bijection f is called a sum divisor cordial labeling of G if |ef(0) — es(1)| < 1, where
es(i) denotes the number of edges assigned label i. A graph which admits a sum divisor

cordial labeling is called a sum divisor cordial graph.

Definition 1.2. ([8]) For a graph G, the splitting graph S’(G) of a graph G is obtained
from G by adding a new vertex v’ corresponding to each vertex v of G such that N(v) =
N().

Definition 1.3 ([9]). A fan graph F},,, is the graph join K, + P,, where K, denotes the
complement of K,,. For m = 1 and m = 2, this construction yields the usual fan graph

and the double fan graph, respectively.

Definition 1.4. A bi-usual fan B(F},) is the graph obtained by attaching the apex

vertices of two copies of F} ,, by an edge.

To facilitate our proofs, we make use of several important results that have been
established in previous works. The following lemmas summarize the known sum divisor

cordial graphs that will be used in this study.

Lemma 1.5. (/2]) The double fan Fs,, is a sum divisor cordial graph for all n € N.
Lemma 1.6. (/7]) The star K, is a sum divisor cordial graph for all n € N.
Lemma 1.7. ([7]) The graph K, is a sum divisor cordial graph for all n € N.
Lemma 1.8. ([7]) The graph Ky + mK; is a sum divisor cordial graph for all m € N.

Lemma 1.9. ([8]) The splitting graph of the star S'(K1,) is a sum divisor cordial graph
for alln € N.
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2 Main Results

Theorem 2.1. The complete bipartite graph K,,, is a sum divisor cordial graph for all

m,n € N.

Proof: Let V(K,,,) = X UY, where X = {z1,29,..., 2} and Y = {y1,92,...,yn} are
the partite sets. Then |V (K,,,)| = m +n and |E(K,,,)| = mn.

Observe that when m = 1 or n = 1, the graph K,,, is either K, or K,, 1, both of
which are sum divisor cordial graphs by Lemma 1.6.

Therefore, it suffices to consider the case where m > 2 and n > 2. Define a bijection
[ V(Kpn) — {1,2,....,m+n—1,m+n} by setting f(z;) = fori=1,2,...,m and
fly;)) =m+jforj=12...,n.
One can verify that the edge counts e;(1) and e;(0) satisfy the following with respect to

m and n:

mr—L " if both m and n are odd, matl - if both m and n are odd,
er(1) =9 . er(0) =4 .0 .

5 otherwise, o otherwise.
Hence, |ef(0) —ef(1)| < 1. [

Example 2.2. Figure 1 illustrates a sum divisor cordial labeling of K3, where solid

edges represent edges labeled 1 and dashed edges represent edges labeled 0.

Figure 1: A sum divisor cordial labeling of Kj 3

Theorem 2.3. The bi-usual fan graph B(Fi,) is a sum divisor cordial graph for all
n € N.

Proof: Let V(B(F1.,)) = {0, 71, %2, -, Tn} U {0, Y1, Y2, - -, Un}, Where xq,y0 € V(K)
and xo, yo are apex vertices. Then |V (B(Fi,))| =2n+ 2 and |E(B(F1,))| = 4n — 1.
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For the small cases n = 1,2,3, we define bijections f : V(B(Fi,)) — {1,2,...,2n +
1,2n + 2} directly.

For n =1, set f(z1) =1, f(z0) =3, f(yo) =2, f(y1) = 4.

For n =2, set f(z1) =2, f(xo) =4, f(yo) =6, f(x2) =5, f(y1) =1, f(y2) = 3.

For n =3, set f(z1) =5, f(z2) =7, f(1n) = 1, f(y2) = 3, f(x3) = 2, f(xo) =4, f(v0) =
6, f(ys) = 8.
It is routine to check that each of these bijections yields a sum divisor cordial labeling.

We now consider the case n > 4. Write n = 4t +r, where t € N and 0 < r < 3. Define
a bijection f : V(B(Fi,)) = {1,2,...,2n+1,2n+2} by setting f(x¢) =1 and f(yo) = 2.
For the remaining vertices z1,...,x, and y1,...,¥y,, define f according to the remainder

r in the following cases.

Case 1.7 = 0.
dk—1, ifi=4k—3, 1<k<?
dk+1, ifi=4k—-2, 1<k<Z
flr) = o i
4k, 1fz:4k—1,1§k§17
4k +2, ifi=4k 1<k <7,
n+2+4k—3), ifj=4k—3, 1<k <%,
) = n+244k—-1), ifj=4k-2, 1<E<Y,
YT \nt 24 (@k—2), ifj=dk-1,1<k<?,
n—+ 2+ 4k, if j=4k, 1<kE< 7.
Case 2.r = 1.
Ak —1, iti=4k—-3, 1 <k< 2=
Ak +1, ifz’:4k:—2,1§k;§71
flai) = { 4k, ifi=4k—1, 1 <k <2
Ak +2, ifi=4k, 1<k <27
2n+2, ifi=n,
n+2+ 4k—2), ifj=4k—-3, 1<k<™ 4,
n+ 2+ 4k, if j=4k—2, 1 <k<nl
fly) =S n+2+ 4k —3), ifj=4k—1, gkng
n+2+4k—1), if j=4k 1<k <27,
n+ 2, if j =n.
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Case 3.r = 2.
4k —1, ifi=4k—3, 1 <k <22
dk+1, ifi=4k—2, 1<k <2
4k, ifi=4k—1, 1<k <22
F@) =3 4 4o, ifi= 4k, 1<k<2 '
n+1, ifi=n-—1,
n+2, ifi=n,
n+2+ 4k —2), ifj=4k—-3, 1 <k <22,
n+ 2+ 4k, if j=4k—2, 1 <k < ™2
n+2+@k-3), ifj=4k—1, 1<k <22
fog) = n+ 24 4k —1), ifj=4k, 1<k<272
2n+1, ifj=n-—1,
2n + 2, if j =n.
Case 4. r = 3.
4k —1, ifi=4k—-3, 1 <k <22,
4k +1, ifi=4k—2, 1<k <22
4k, ifi=4k—1, 1 <k <3
floi) =S4k +2, ifi=4k, 1<k <22
n, ifi=n-—2,
n+1l, ifi=n-1,
n+2, ifi=mn,

n+2+ 4k—-2), ifj=4k-3, 1<k <
n+ 2+ 4k, ifj=4k—2, 1<k<n3
n424@Ak—3), ifj=4k—1, 1<k<
fly) =3n+2+ @k —1), ifj=4k 1<k<n3

2n, if j =n—2,
2n +1, it j=n-—1,
2n + 2, if j =n.

It is straightforward to verify that ef(1) = 2n and e;(0) = 2n — 1 in Case 1, while
efr(1) =2n —1 and e;(0) = 2n in all remaining cases. Thus, |ef(0) —ef(1)] < 1. [
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Example 2.4. Figure 2 illustrates a sum divisor cordial labeling of B(F} 4), where solid

edges represent edges labeled 1 and dashed edges represent edges labeled 0.
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Figure 2: A sum divisor cordial labeling of B(F} 4)

Lemma 2.5. The usual fan graph F, is a sum divisor cordial graph for all n € N.

Proof: Let V(F1,,) = {1} U{y1,vy2,-.-,Yn}, where x;y € V(K;) and y1,¥2,...,Yn €
V(P,). Then |V (Fy1,)| =n+1and |E(F1,)| = 2n — 1.
For the small cases n = 1,2,3, we define bijections f : V(F,) — {1,2,...,n,n + 1}
directly.

For n =1, let f(z1) =1 and f(y1) = 2.

For n =2, set f(z1) =1, f(y1) =2, and f(y2) = 3.

For n =3, set f(r1) = 1, f(31) = 2, f() = 4, and f(ys) = 3.
Each of these bijections can be verified to be a sum divisor cordial labeling.

We now proceed to the case n > 4. Let n = 4t 4+ r, where t € N and 0 < r < 3. Define
a bijection f: V(Fy,) — {1,2,...,n,n+1} by setting f(z;) = n+ 1 and assigning labels

to the remaining vertices ¥, s, . . . , ¥, according to the remainder r in the following cases.

Ak =3, ifj=4k—3,1<k<2
Case 1. r = 0. Define f(y;) = k-1, Tfj':4k_2’1§k§%7
4k =2, ifj=4k—1,1<k<™
dk,  ifj =4k 1<E<Y.
4k -3, ifj=4k—3, 1<k <L,
dk—1, ifj=dk—2 1<k<nL
Case 2. r = 1. Define f(y;) = < 4k — 2, ifj:4k—1,1§k§nT*17
Ak, ifj =4k 1<k <
n, if j =n.
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n—2

Ak —3, ifj=4k—3, 1<k
Ak —1, ifj=4k—2, 1<k
k

Y
Y
n
Y

%‘\ p‘| ~
no (V]

4k -2, ifj=4k—-1,1<
4k, if j=4k, 1<k
n—1, ifj=n-—1,

b IAIA I/\

Case 3. r = 2. Define f(y;) =

IA |
“[

n, if j =n.
4k —3, ifj=4k—3, 1<k < ™3,

Ak —1, ifj=4k -2, 1<k <13
4k — 2, ifj:4k;—1,1§k§%3,
Case 4. r = 3. Define f(y;) = < 4k, if j =4k, 1<k <2

n—2, ifj=n-—2,

= ‘

= ‘
C/O

n, if j=n-—1,

n—1, ifj=n.
It is straightforward to verify that e;(1) = n and ef(0) = n — 1 in Case 1, while e;(1) =
n — 1 and e;(0) = n in all remaining cases. Thus, |ef(0) —ef(1)] < 1. n

Theorem 2.6. The fan graph F,, , is a sum divisor cordial graph for all m,n € N.

Proof: Let V(K,,) = {71,209, ..., 2} and V(P,) = {y1,92,.--,yn}. Then |V(F,.,.)| =
m+n and |E(F,,,)| =mn+n— 1.

If m = 1, then F,,, is Fy,, which is known to be a sum divisor cordial graph by
Lemma 2.5.

If n =1, then F,,, is K,,1, which is known to be a sum divisor cordial graph by
Lemma 1.6.

If m =2 orn =2, then F,,, is either F;, or F,, 2. The graph F}, is a sum divisor
cordial graph by Lemma 1.5, whereas F},, 5 is isomorphic to Ky +mK; and is a sum divisor
cordial graph by Lemma 1.8. Hence, we may assume that m > 3 and n > 3, and we divide
the proof into two parts.

In the first part, we consider Cases 1 through 3.

Case 1. Let m = n = 3. Define a bijection f : V(F33) — {1,2,3,4,5,6} by f(z1) =
L, f(z2) =2, f(z3) =4, and f(y1) =3, f(y2) = 5, f(y3) = 6. One easily checks that f is a
sum divisor cordial labeling.

Case 2. Let m =3 and n = 4t + r, where t € N and 0 < r < 3. Define a bijection
f o V(Fmnn) — {1,2,...,n 4+ 2,n + 3} according to the remainder r in the following
subcases.

Subcase 2.1. r = 0.

For the vertices 1, 29, x3, define f(x1) =1, f(x2) = 3, and f(x3) = 2.
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Ak+1, ifj=4k—3,1<k<?

For the vertices y1,ya, - .., Yn, define f(y;) = j::tz: i;_ii_i 1?2?%:
Ak, ifj=dk, 1<k<2

Subcase 2.2. r=1.

For the vertices xy, x, x3, define f(z1) =n+ 1, f(x2) =n+ 2, and f(z3) =n+ 3.
4k —3, if j=4k -3, 1<k <2,
4k —1, ifj=4k—-2, 1<k <2,

For the vertices y1,9s, ..., yn, define f(y;) = $4k —2, if j=4k—1, 1 <k < 22,
4k, if 7 =4k, 1<k§"Tl
n, if 7 =n.

Subcase 2.3. 1 = 2.
For the vertices x1, xo, x3, define f(z1) =1, f(z2) = 2, and f(z3) = 3.

4k +3, ifj=4k—3, 1<k <22,
4k +1, ifj=4k—2, 1 <k <22
- NEL if j=4k—1, 1 <k <2,

For the vertices y1, ya, . .., yn, define f(y;) = Wt i — 4k, 1§k§nT_2
n+3, ifj=n-—1,
n+2, ifj=n.

Subcase 2.4. r = 3.

For the vertices 1, x9, x3, define f(x1) =n+1, f(x2) =n+ 2, and f(z3) =n + 3.
4k -3, if j=4k -3, 1<k <23,
4k —1, ifj=4k—-2, 1<k <23,
4k —2, ifj=4k—1, 1<k <23,

For the vertices yi,ya, ..., yn, define f(y;) = < 4k, if j =4k, 1 <k <23,

= ‘

n—2, ifj=n-—2,
n, if j=n—1,

n—1, if j=n.
In Subcase 2.1, one checks that ef(1) = 2n and ef(0) :j 2n — 1, whereas in all other
subcases we have ef(1) = 2n — 1 and e;(0) = 2n.
Case 3. Let m =4t +r, wheret € N and 0 < r < 3, and let n = 3. Define a bijection
[ V(EFnn) — {1,2,...,m + 2,m + 3} according to the remainder r in the following
subcases.

Subcase 3.1. r = 0.

4k -3, ifi=4k—3 1<k<™
4k —1, ifi=4k—-2, 1 <k<2
For the vertices 1, z, .. ., Ty, define f(z;) = ’ 1 Z oo T4
4k =2, ifi=4k—-1, 1<k <7,
Ak, ifi=dk, 1<k<m
For the vertices y1, y2, s, define f(y1) =m + 1, f(y2) = m+ 3, and f(y3) =m + 2.
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It is straightforward to verify that es(1) = e;(0) = 2 4 1.

Subcase 3.2. r=1.

4k —3, ifi=4k—-3, 1<k <™
Ak —1, ifi=4k—2, 1<k <™

For the vertices xy, xo, ..., Ty, define f(z;) =<4k —2, ifi=4k -1, 1<k < mT_l,
4k, ifi =4k, 1 <k <™
m+1, ifi=m.

For the vertices y1, yo, y3, define f(y1) = m, f(y2) = m+ 2, and f(y3) = m + 3.

It is straightforward to verify that

()= 2= oy = dm=D g
2 2
Subcase 3.3. r = 2.

4k +3, ifi=4k—3, 1<k < ™2
Ak +1, ifi=4k—2,1<k< ™2

For the vertices x1, To, . .., Ty, define f(z;) = 4, %f Z =dk—1 Lsk iTQ’
4k +2, ifi=4k, 1<k < 7=,
m+3, ifi=m-—1,
m+2, ifi=m.

For the vertices y1, ya, ys, define f(y1) = 1, f(y) = 3, and f(ys) = 2.
=e

7(0) =202 44,

It is straightforward to verify that es(1) 5

Subcase 3.4. r = 3.

3
&

4k + 3, ifi=4k—3, 1
Ak +1, ifi=4k—2, 1
Ak, ifi=4k—1, 1
For the vertices @1, xa, ..., Tpm_3, define f(z;) =<4k +2, ifi=4k, 1<k
m+1, ifi=m—2
m+2, ifi=m-—1,
m+3, ifi=m.

For the vertices y1,y2, ys, define f(y1) =1, f(y2) = 3, and f(y3) = 2.

It is straightforward to verify that

3
@

A A IA A
.

3 = & =
VAN VAR VAN
‘3
e
w

ef(1) = 3(7712_3) +5, e(0) = 3(m2—3) + 6.

In the second part, we consider Cases 4 through 7, which deal with the case m,n > 4.
Case 4. Let m = 4t; and n = 4ty + r, where t1,t, € Nand 0 < r < 3.
Define a bijection f : V(F,,.) — {1,2,...,m+n—1,m + n} as follows.
For the vertices x1,xs, ..., 2, define f as in Subcase 3.1. For the vertices y1, 42, ..., Yn,

define f according to the remainder r in the following subcases.
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Subcase 4.1. r = 0.

m+4k =3, ifj=4k -3, 1<k <7,
4k -1, if j=4k—-2, 1<k <2
Define f(y;) = m+ ’ 1‘7 =T =
m+4k =2, ifj=4k—-1, 1<k <7,
m + 4k, ifj=4k 1<k <7
It is straightforward to verify that
mn—+mn mn—+n
efl) = —5— &(0)=— 1.
Subcase 4.2. r = 1. Define
m+4k—3, ifj=4k—-3, 1 <k <™=
m+4k—1, ifj=4k—-2 1<k<™
flyj))=dm+4k -2, ifj=4k—-1, 1<k<Z
m + 4k, if j =4k, 1<k <2
m+n, if 7 =n.
It is straightforward to verify that es(1) = e;(0) = ™41,
Subcase 4.3. r = 2.
m+4k—3, ifj=4k—3, 1 <k <2
m+4k—1, ifj=4k—2, 1 <k <22
4k —2, ifj=4k -1, 1<k< 2
Define f(y,) = m + o 1 o 4
m + 4k, if j =4k, 1 <k <57,
m+n—1, ifj=n-—1,
m+n, if j =n.
It is straightforward to verify that
mn—+n mn +n
er(l) = — 1, ¢(0)
2 2
Subcase 4.4. r =
Define
m+4k -3, ifj=4k—-3, 1 <k <=
m+4k—1, ifj=4k—-2, 1 <k <22
m+4k—2, ifj=4k—-1, 1<k <22
fly;) = {m + 4k, ifj=4k,1§k§"73
m+n—2, ifj=n-—2
m+n, if j=n-—1,
m+n—1, if j=n.
mn+n—1

It is straightforward to verify that e;(1) = ef(0) =

2

4;‘| »‘ >J>
— ,_.
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Case 5. Let m = 4t; + 1 and n = 4ty + r, where t1,to € Nand 0 < r < 3.
Define a bijection f: V(F,,,) = {1,2,...,m+n —1,m+n} according to the remainder
r as the following subcases.

Subcase 5.1. r = 0.

Define
Ak —3, ifi=4k—3, 1<k <™
dk—1, ifi=4k—2, 1<k <™l
fla) =S4k -2, ifi=4k—1,1<k<mL
Ak, if i =4k, 1<k <™l
m, it i =m,
m+dk—2, ifj=4k—-3,1<k<1,
| m+ 4k, if j=4k—2, 1 <k<?2,
T =Y sk =3, itj—ak—1,1<k<2
m+4k—1, ifj=4k 1<k <2
Subcase 5.2. r=1.
Define
Ak —3, ifi=4k—3, 1<k <™
Ak —1, ifi=4k—2, 1<k <24
flai) =S4k =2, ifi=4k—1, 1<k <™
Ak, if i =4k, 1<k <™l
m+n, ifi=m,
m+4k —4, if j=4k-3, 1<k <7
m + 4k — 2, ifj:4k—2,1§k;§”T*1,
fly)) ={m+4k -3, if j=4k—1, 1 <k <7,
m+4k —1, if j =4k, 1 <k <"
m+n—1, ifi=n.

Subcase 5.5. r = 2.

For the vertices x1, 9, ..., x,,, define f as in Subcase 5.1.
m+4k —2, ifj=4k—3, 1<k < ™32
m + 4k, ifj=4k—2, 1<k <22
_ - _ < b < n=2
For the vertices y1,ya, . .., Yn, define f(y;) = Ziii_i’: ij:i]]z” 121{:;]22_2’ 10
m+n, ifj=n-—1,
m+n—1, if j=n.

Subcase 5.4. r = 3.

For the vertices x1, 9, ..., x,,, define f as in Subcase 5.2.
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m Ak —4, ifj=4k—3 1
mob Ak —2, ifj=4k—2 1
mfak—3, ifj=4k—1,1
For the vertices y1, s, ..., Un, define f(y;) =<m+4k —1, if j =4k 1<k
m+n-—3, ifj=n-—2,

IA IAIAIA

m+n—1, ifj=n—-1,

m+n—2, if j=n.

In Subcase 5.1, it can be checked that ef(1) = ™2 and e;(0) = ™2 — 1, whereas in
all other subcases, (1) = 22 — 1 and e;(0) = 222,

Case 6. Let m =4t; +2 and n = 4ty + r, where t1,to € Nand 0 <r < 3.

Define a bijection f : V(F,,) = {1,2,...,m+n—1,m+n} as follows.

Ak —3, ifi=4k—3, 1<k < ™2
Ak —1, ifi=4k—2, 1<k < ™2
For the vertices 1, z, ..., Ty, define f(z;) = k=2, 1f2 =dk =L 1<k iTQ’
4k, it i =4k, 1<k < ™=,
m—1, ifi=m—1,
m, if i =m.
For the vertices y1, s, ..., Ys, define f according to the remainder r in the following
subcases.

Subcase 6.1. r = 0.
Define f as in Subcase 4.1.
It is straightforward to verify that ey(1) = ™5 ef(0) = ™ — 1.
Subcase 6.2. r = 1. Define f as in Subcase 4.2.
It is straightforward to verify that es(1) = e;(0) = 2t
Subcase 6.3. r = 2.
Define f as in Subcase 4.3.
It is straightforward to verify that ey(1) = ™5 — 1, ef(0) = B,
Subcase 6.4. r = 3.
Define f as in Subcase 4.4. Tt is straightforward to verify that es(1) = e (0) = mrdn=d,
Case 7. Let m = 4t; + 3 and n = 4ty + r, where t1,to € Nand 0 <r < 3.
Define a bijection f: V(F,,,) — {1,2,...,m+n —1,m+n} according to the remainder

r as the following subcases.
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Subcase 7.1. r = 0.

4k — 3,

Ak —1,

Ak — 2,
For the vertices 1, z, ..., T, define f(z;) = < 4k,

m — 2,

m — 1,

m,

For the vertices y1,vs, ..., Yn, define f as in Subcase 5.1.

Subcase 7.2. r = 1. Define

13

ifi=4k—3, 1<k
ifi=dk—2, 1<k
ifi=dk—1, 1<k
if i = 4k, 1 <k < ™23
if i =m — 2,
ifi=m—1,

if ¢ =m.

7

i

7

3

LN ININ
T

?

4k — 3, ifi=4k—3 1§k§mT,
4k — 1, 1f2—4k;—2,1§/<:§T*,
4k — 2, 1fz—4k—1,1§k§—_,
f(x;) = < 4k, ifi:4k:,1§k:§m_
m+n—2, ifi=m—2,
m+n-—1, ifi=m-—1,
m—+n, if i =m,
m 44k —6, ifj=4k—3, 1 <k <27l
m+4k —4, ifj=4k—2, 1<k <2t
fly)) = (m+4k—5, if j=4k—1, 1 <k <2
m+ 4k — 3, 1fj—4k:1<k§”1
m+n-—3, ifj=n.
Subcase 7.3. r = 2.
For the vertices xq, xo, ..., T,,, define f as in Subcase 7.1.
For the vertices y1,ys, ..., yn, define f as in Subcase 5.3.
Subcase 7.4. r = 3.
For the vertices x1, xo, ..., z,,, define f as in Subcase 7.2.
For the vertices y1, 92, ..., Yn,
m+4k—6, ifj=4k—3,1<k< ™3
m—+4k—4, ifj=4k—2,1<k< 23,
m—+4k—5, ifj=4k—1,1<k< ™3
fly)) = (m+4k =3, if j=4k 1<k <22,
m+n-—>5, ifj=n-—2,
m+n—3, ifj=n-—1,
m+n—4, if j=n.

In Subcase 7.1, one has e (1)

— mn+n and €f<0) — mntn __

2

1, whereas in all other subcases,
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ep(1) = 222 — 1 and e;(0) = 2o,

From all above cases, we obtain that |ef(0) —ef(1)] < 1. N

Example 2.7. Figure 3 illustrates a sum divisor cordial labeling of F} 4, where solid edges

represent edges labeled 1 and dashed edges represent edges labeled 0.

Figure 3: A sum divisor cordial labeling of Fj4

Theorem 2.8. The graph S'(K,,,) is a sum divisor cordial graph for all m,n € N.

Proof: Let V (K, ) = X UY with X = {zy,29,...,2,} and Y = {y1,92,...,yn} being
its partite sets. For 1 < i < mand 1 < j < n, welet X' = {2z} : 1 < i < m}
and Y' = {y; : 1 < j < n} where z} and y; are added vertices corresponding to the
vertices z; and y;, respectively to obtain S’(K,,,). Then |V (S (K.))| = 2m + 2n and
|E(S"(Kmn))| = 3mn. Observe that when m =1 or n = 1, the graph S'(K,,,) is either
S'(K1n) or (K1), both of which are sum divisor cordial graphs by Lemma 1.9.
Therefore, it suffices to consider the case where m > 2 and n > 2. Define a bijection
f:V(S(Kmn)) — {1,2,...,2m+ 2n — 1,2m + 2n}, with its explicit form depending on
the parity of m and n in the following cases.
Case 1. m and n are even.

21, if1<i <2
f(xi): 2(. m . m 2.
2—5)—1, it 3 +1<4
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fn [ if1<j<2,
T amrne2(j-1)—1 241 <j<n

Case 2. m and n are odd.

, m + 21, <
f(xl): . m—1 ¢ m—1 .
m—I—Z(Z—T)—l, if %= +1<1<m,
2m + 27, if 1 <7 <%,

f(yj)={2m+2(j_n?1)_1, if 221 41 < j<n,

f) = 2m +n + 25,
T omrn2(j -t~ it 1< <

Case 3. m is even and n is odd.

f(z) 21, if 1 <¢< 7,
‘/L"L . . .
2(2—%)—1, 1f%+1§z§m,
() m + 21, if1<i<7,
€T.) =
! m+2(i—%)—1, if 2 +1<i<m,

T lemr2 (- mt) — 1 it 1< <n,

flyy) =

2m +n + 27,
2m4n+2(j - ") — 1, if 23

Case 4. m is odd and n is even.

15
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2m + 27, it1<j<3,
am+2(j—%)—1, if2+1<j<n,

f(yj):{
, 2m +n + 2, if1<j<m
2m+n+2(j—§)—1, if5+1<j<n.

In Case 2, we obtain ey(1) = 222=% and ¢;(0) = 322+

er(0) = 222 Hence, |es(0) —ep(1)] < 1. |

, while in all other cases ef(1) =

Example 2.9. Figure 4 illustrates a sum divisor cordial labeling of S’(K> ), where solid

edges represent edges labeled 1 and dashed edges represent edges labeled 0.

X X’

2 6

,.\ S
P X1 SS e Y1 oi~<
- ~ - ~
~ -
-~
S P So -
~ X2 L~ ~ Y2 |-
N s ~
@ -
\1/ \sj

Figure 4: A sum divisor cordial labeling of S'(K> )

3 Concluding Remarks

In this work, we have studied sum divisor cordial labelings for several families of graphs,
including the complete bipartite graph K, ,, its splitting graph S’(K,, ), the fan graph
F.n, and the bi-usual fan graph B(F},,).

By constructing explicit labelings, we have shown that all these graphs admit sum
divisor cordial labelings for all natural numbers m and n. These results extend previous
findings on smaller graphs such as I, K1, Ko, Ko+ mK;, and S'(K;,). Our study
thus provides a unified approach to sum divisor cordial labelings across several important
classes of graphs and may serve as a foundation for further investigations on related graph

families.
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